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The partial differential equation to be studied in this paper is 
4% + c(x, u) = 0, x E E, (1) 
where 42 is the biharmonic operator in Euclidean n-space R”, E is an exterior 
domain in Iin, and c(x, u) is a continuous function defined on E x R1. Equation 
(1) is said to be oscillatory in E if every solution zc E P(E) of (1) that is non- 
trivial in any neighborhood of infinity has arbitrarily large zeros, that is, the 
set {x E E: U(X) = 0) is unbounded. 
Our objective here is to find sufficient conditions for equation (1) to be 
oscillatory in E. We observe that there is no oscillation result in the literature 
for higher-order nonlinear elliptic equations. In Section 1 with the use of the 
technique of Noussair and Swanson [3] a fourth order ordinary differential 
inequality of the form 
(Pl(tl-“(P-y)‘)‘) + q(t)f(y) d 0 (2) 
is derived which, if oscillatory at co, implies the oscillation of (1) in E. In 
Section 2 new oscillation theory is developed for a class of ordinary differential 
inequalities including (2). Th us Section 2 has independent interest. Oscillation 
criteria for equation’ (1) are established in Section 3 by combining the result 
of Section 2 specialized to (2) with Trench’s theory of canonical forms of 
general disconjugate operators [4]. 
1. REDUCTION TO A ONE-DIMENSIONAL PROBLEM 
The following notation will be used: 
E, ={xER? lx/ >a>, S,=(XER~: 1x1 =a}, a > 0. 
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LEMMA 1. If u E C”(E,) for some a > 0, then the spherical Fneaz of u ozw St , 
i.e. the function 
612 being the area of the unit sphere S, , satis$es 
(P-l(tl-*(P-W’(t))‘)‘) = $ J;, 4q.q dS, t > a. 
Proof. From the proof of Lemma 2 of Noussair and Swanson [3] we see 
that u(t) satisfies 
@“-“U’(t))’ = &; jS, 4u(x) dS, 
whence the desired equation (4) follows immediately. 
With the aid of Lemma 1 me are able to reduce the multi-dimensional problem 
under study to the problem of oscillation of a fourth order ordinary differential 
inequality. 
THEOREM 2. Suppose that c(w, u) satisjes the following conditions: 
(i) c(x, -u) = -c(x, u) for all x E E and u > 0; 
(ii) C(X, 28) 3 p(l x 1) f (24) for aZZ R: E E alzd u > 0, m-here p is continuous 
and positive on [0, XI) and f is continuous, positive and convex on (0, 00). 
Then equation (1) is oscillatory in ax exterior domain E if the ordinary cZifL7entiaE 
inequality 
(ty+yt+l,‘)‘)‘)’ + Fp(t) f (y) < 0 
has no solution which is positive on [t,, , CCI) for auy t, > 0. 
(5) 
Proof. Suppose there exists a solution u which is positive in ET for some 
T > 0. From (4) it follows that the spherical mean Lr(t) of u over S, defined 
by (3) satisfies the equation 
(tytl-ytv7yt))‘)‘)’ = - $ i; c(x, U(X)) dS (6) 
t 
for t > 2”. Using condition (ii) and the inequality 
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which is a consequence of Jensen’s inequality applied to f(~(x)) on S, , we 
obtain 
Combining (6) with (7) we see that U(t) is a positive solution of inequality 
(5) on [T, m). But this contradicts the hypothesis. Likewise equation (1) 
cannot have a solution which is negative in ET for some T > 0. This completes 
the proof. 
2. OSCILLATION OF AN ORDINARP DIFFERENTIAL INEQUALITY 
We shall consider the ordinary differential inequality 
(Pl(t)(Ps(t>(Pl(t>v’>‘)‘)’ + 4Wf(Y) G 0 (8) 
in generalization of (5). The purpose of this section is to obtain a necessary 
and sufficient condition for no solution of (8) to be eventually positive as t --f co. 
The conditions we assume for p, , pa , q and f are as follows: 
(a) p,(t), p2(t) are continuous and positive on [a, co), and 
I m dt I m dt a p,(t)= coy a -jgr)= co; 
(b) q(t) is continuous and positive on [a, cc); 
(c) f(r) is continuous, positive and nondecreasing on (0, co), and 
(9) 
am dy J- 01 f(Y) < cc for any 01 > 0. 
The following notation will be used: 
-by = PlWY', LY = P&)(L,Y)', LSY = PML,Y)'9 
I’&, s) = s,t w du, P3(t, s) = lt % da. 
LEMMA 3. Suppose (a) holds. Let y(t) b e a uric ion such that y(t) > 0 afzd f t 
&y)‘(t) -=c 0 on [to , a>, to > a. 
Then one of the following cases holds: 
(I) L&t) > 0, L,y(t) > 0 andL,y(t) > Ofor all large t; 
(II) L,y(t) > 0, L,y(t) < 0 and Lay(t) > 0 fo7 all large t; 
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and in tither ease there is a T > t,, such that 
t > T. (10) 
Proof. Since &y(t) is decreasing for t 3 ta , it is eventually of constant 
sign. Suppose L&t) < 0 at some t, > t, . Then l&(t) <L&t,) < Cl for 
t > t, . We divide the last inequality by pr(t), integrate it from tr to t and 
then let t + oo. In view of (9) we then have Le.(t) 3 -CC as t + ~=i, from 
which we deduce in a similar manner that L, y(t) -+ ---a~, and y(t) + -co 
as t -+ ~3. Eut this contradicts the positivity of y(t), and hence we must hare 
&y(t) > 0 for t > to . It follows that&y(t) is increasing, so that it is eventually 
of one sign. If &y(t) < 0 for t > t, , then L,y(t) is eventually positive. In 
fact, if .&y(t) is negative at some point, then using (9) and the decreasing 
nature of L,y(tj, we conclude that y(t) ---f -m as t --f co? a contradiction. 
If there exists a t, > t, such that &y(t) > 0 for t 3 f, . then &y’(f) > 
&y(tJ > 0 for t > t, . Dividing this inequality by p,(t), integrating it over 
[ta ) t] and letting t -+ ~3, we have with the use of (9) that &y(t) +- co as 
t ---t co, which implies that &y(t) > 0 for all large t. 
Now, suppose that Case (I) holds for t > T, where T is sufficiently large, 
Since Lay(t) > 0 and l&y(t) is decreasing, we obtain 
-by(t) 3 j-is as 3 P& T&y(t), t > T. 
Using (11 j, the positivity of &y(t) and the decreasing nature of&v(t), we get 
3 P& q-&y(t), t> T, 
from which we deduce that 
Suppose Case (II) holds for t > T. We multiply &y)‘(t) by P3(t, T) and 
integrate it over [T, t]. Repeated application of integration by parts then yields 
= : P&s, T)(-&y)‘(s) ds, s t g3 T. (12) 
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Since &y(t) < 0, &y(t) > 0 and y(T) > 0, (10) follows immediately from 
(12). This completes the proof. 
The main result of this section is the following theorem. 
THEOREM 4. Let (a), (b) and (c) hold. A necessary and sujicient condition 




P&, a) q(t) dt = CO. (13) a 
Proof. Suppose (13) holds and let y(t) be a positive solution of (8). From 
(10) and (8) it follows that 
~(4 3 j; Pa& T) d4f(AsN ds, t > T. (14) 
In view of (14) and the fact that f(y) is nondecreasing we have 
f (r(t)) 
f@ P&T T) mf(Yw 4 a, l3 
t 3 T. 
Multiplying (15) by P3(t, T) q(t) and integrating over [Tr , T;I, Tl > T, we get 





vi = ITT' Pz(t, T)q(t)f(y(t)) dt, i= 1,2. 
The right hand side of (16) remains bounded because of condition (c), so that 
letting T2 -+ co in (16), we conclude that 
s m P&, T)q(t) dt -=c ~0, Tl 
which contradicts (13). Thus under condition (13) no solution of (8) is positive 
throughout [t, ,co) for any to > a. 
Suppose (13) does not hold. Then, a positive solution of (8) is obtained 
as a solution to the integral equation 
Y(f) = 1 + Jy P&T 4 dS)f(Y(S)) 4 
which can be solved either by the method of successive approximations or 
via the Schauder-Tychonoff fixed point theorem. Thus the proof of the theorem 
is complete. 
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Remark. The proof of Theorem 4 given above is an elaboration of the proof 
of Theorem 6 of Kusano and Naito [l]. For closely related results the reader 
is referred to an interesting paper of Naito [2]. 
3. OSCILLATION OF THE PMXTIAI, DIFFERENTIAL EQUATION (1) 
We are now in a position to establish oscillation criteria for the partial 
differential equation (1) on the basis of Theorems 2 and 4. We begin with the 
two-dimensional case. 
THEOREM 5. Equation (1) is oscillatory in an exterior domain E in R2 if the 
follmuing conditions are satisfied: 
(i) c(x, -u) = -c(x, u) for all x E E and zt > 0; 
(ii) c(x, u) >, p(\ x I) f (u) for all x E E and u > 0, where p is continuozcs 
and positive on [0, ~0) and f is continuous, positive, ~lozdec~easing and comz)ex 
on. (0, CD); 
(iii} sr du/f (u) < co for any ti > 0; 
(iv) JT t3 log t . p(t) dt = cc). 
Proof. If ‘FZ = 2, then the associated ordinary differential inequality (5) 
is a special case of (8) in which PI(t) = t, pa(t) = t-l and q(t) = tp(t>. As 
easily seen, (9) holds and lim,,, Ps(t, 1)/t’ log t = l/4, which implies that 
(13) is equivalent to condition (iv). Therefore the conclusion follows from 
Theorems 2 and 4. 
We next examine equation (1) in higher dimensions (n > 2). It is not possible 
to apply Theorem 4 directly to inequality (5) since p,(t) = P-l does not satisfy 
condition (9). This difficulty can be overcome with the help of Trench’s theory 
of canonical forms of disconjugate operators developed in [4], 
THEOREM 6. Equation (1) is oscillatory in an exterior domain E in RfL (n > 2) ;S 
ii) hypotheses (i)-(G) of Theorem 5 are satisfied; 
(ii) f(u71) 3 f(E) f (a) foF all u, 0 such that 0 < u < 1 < .r; 
(iii) f: t”+‘p(t)f(ct”-“) dt = CD for all c > 0. 
Proof. According to Theorem 1 of Trench [4] the differential operator 
(tn-l(tl-n(tiL-ly')')')' can be rewritten as 
p-2(,3-n(p3(,3-n(tn-5)1)1)1)1 if 3<n<4, 
tn-sit-l(t5-"(t-l(t"-2-~)')')'> if 113.5. 
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Therefore inequality (5) is equivalent to the following: 
p-“(t”-yt3-%‘)‘)‘) + tp(t)f(Pz) < 0, 3<n<4; (17) 
(t-‘(P”(t-Y)‘)‘>’ + tp(t)f(t+%) < 0, n 3 5. (18) 
Suppose there exists a positive solution z(t) of (17) on [T, co). Since con- 
dition (9) is satisfied with pr(t) = t3-” and p,(t) = tne3, z’(t) > 0 for t >, T 
by Lemma 3, and so x(t)/x(T) > 1 for t > T. Let Tl > T be so large that 
x(T) t2-fl < 1 for t > Tl . Then, in view of (ii), we have 
f(t”-qt)) 3 f(ct”+) .f(c-lx(t)), f > T,, 
where c = x(T). It follows that the function go(t) = c-lx(t) is a positive solution 
of the differential inequality 
(,3-?y,n~3(,3-?L,‘)‘)‘)’ + c-‘tp(t)f(ct”-“)f@) < 0, t > Tl. (19) 
But this is a contradiction, for noting that lim,,, P3(t, 1)/t” = 1/2n(~z - 2) 
and applying Theorem 4 to (19), we see that (19) has no positive solution 
on [to , co) for any t, > 0. Likewise, no solution of inequality (18) can be 
positive throughout [to , oo) for any t, > 0. Thus the conclusion follows from 
Theorems 2 and 4. This finishes the proof. 
Remark. It is easily verified that the conditions for f(u) described in (i) 
and (ii) of Theorem 6 are satisfied by 
f(u) = I u IYW u I + l>Y w u (a > 1, /3 > 0 or (y. = 1, /3 > l), 
but not by 
f(u) = j u /m exp(j u Is) sgn u 
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